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Main Result:

Ωk = {v ∈ Rk : vi ≥ 0, Σvi = 1 }

A0 : Ωk 7→ [1/k,1]

A0(v) = max
1≤i≤k

vi , v ∈ Ωk

Theorem

vol(A0) =
∫

Ωk

A0(v)dv

=

√
k

k!

(
1 +

1

2
+

1

3
+ · · ·+ 1

k

)
.

So, what ?
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1. Multivariate Extremes

Let G(x) (x ∈ Rk) be a d.f. with marginal d.f.’s Gi

(i = 1,2, . . . , k).

B(x) =
− logG(x)

Σi − logGi(xi)

Pickands (1981): For multivariate extreme value
distributions,

B(x1, x2, . . . , xk) = A(v1, v2, . . . , vk),

vi =
− logGi(xi)

Σj − logGj(xj)
⇒

v = (v1, v2, . . . , vk) ∈ Ωk

and
(i) A is convex
(ii) A satisfies

A0(v) = max vi ≤ A(v) ≤ 1 , v ∈ Ωk

A ≡ 1 ⇔ total independence

A ≡ A0 ⇔ complete dependence
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A famous example is the Logistic Model:

A(v) =




k∑

i=1

v
1/α
i




α

, 0 ≤ α ≤ 1

α = 1 ⇒ total independence
α = 0 ⇒ complete dependence.
Here is Pickands dependence function for k = 2 and
α = 0, .25, .50, .75, 1.
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Coefficient of Dependence:

0 ≤ τ =

∫
Ωk

(1−A(v))dv
∫
Ωk

(1−A0(v))dv
≤ 1
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Coefficient of Dependence:

0 ≤ τ =

∫
Ωk

(1−A(v))dv
∫
Ωk

(1−A0(v))dv
≤ 1

Numerator is case specific.

If we know vol(A0) =
∫

A0, half the job is done.
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2. Uniform Spacings

Y1 ≤ Y2 ≤ · · · ≤ Yk−1

are order statistics from i.i.d. U [0,1].

V1 = Y1, V2 = Y2 − Y1, · · · , Vk = 1− Yk−1

are the spacings.

(V1, V2, · · · , Vk) ∼ U [Ωk].

Let V(k) = max{Vi}, then

E V(k) =

∫
Ωk

max vidv∫
Ωk

dv
=

vol(A0)

vol(Ωk)

=
vol(A0)√
k/(k − 1)!
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NOTE:

Ωk = {v ∈ Rk : vi ≥ 0, Σk
i=1vi = 1 }

Ω̄k = {v ∈ Rk−1 : vi ≥ 0, Σk−1
i=1vi ≤ 1 }

⇒

vol(Ωk) =

√
k

(k − 1)!
, vol(Ω̄k) =

1

(k − 1)!
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Geometric Proof of Main Result

vol(A0) =
∫

Ωk

A0(v)dv

=

√
k

k!

(
1 +

1

2
+

1

3
+ · · ·+ 1

k

)

Fact 1.

Ωk =
⋃
σ

Ωσ

The union over all k! permutations σ of {1,2, . . . , k},
where

Ωσ = {v ∈ Ωk : vσ(k) ≤ · · · ≤ vσ(2) ≤ vσ(1) } .

⇒ vol(A0) = k!
∫

Ωe

A0(v)dv = k!
∫

Ωe

v1dv,

where σ = e is the identity permutation:

Ωe = {v ∈ Ωk : 0 ≤ vk ≤ · · · ≤ v2 ≤ v1 }.
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Fact 2 ∫

Ωe

v1dv =
√

k
∫

Ω̄e

v1dv,

where

Ω̄e = {(v1, . . . , vk−1) :

0 ≤ 1−Σk−1
i=1vi ≤ vk−1 ≤ · · · ≤ v2 ≤ v1}.

⇒
∫

Ω̄e

v1dv = vol(Pk),

where Pk is a convex polytope,

Pk = {(v0, v1, . . . , vk−1) :

0 ≤ 1−Σk−1
i=1vi ≤ vk−1 ≤ · · · ≤ v2 ≤ v1 , 0 ≤ v0 ≤ v1} .
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Lemma 1. The polytope Pk has 2k vertices

ai,bi, i = 1, . . . , k, as follows:

ai
j =





0 j = 0
1
i 1 ≤ j ≤ i

0 i < j < k

bi
j =





1
i j = 0
1
i 1 ≤ j ≤ i

0 i < j < k

(j < k) .

Lemma 2. For s = 1, . . . , k, the polytope

∆s = conv { a1, . . . , as,bs, . . . ,bk } ,

is a k-dimensional simplex whose volume is

vol(∆s) =
1

s(k!)2
.

Lemma 3. The k simplices ∆1, . . . ,∆k form a

triangulation of Pk.
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Combining the Facts and the Lemmas,

∫

Ω̄k

A0(v)dv = k!
∫

Ω̄e

v1dv = k!vol(Pk)

= k!
k∑

s=1

vol(∆s) = k!
k∑

s=1

1

s(k!)2

=
1

k!

(
1 +

1

2
+

1

3
+ · · ·+ 1

k

)
.

This completes the geometric proof.
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Probabilistic Proof

X1, X2, · · · , Xk are i.i.d. exp(1)

T =
∑

Xi

Then,
(

X1

T
,
X2

T
, . . . ,

Xk

T

)
=D (V1, V2, . . . , Vk)

and the
Xi

T
are independent of T .

Now,

E

(
U

W

)
=

EU

EW
⇔ COV

(
W ,

U

W

)
= 0.

Hence,

E V(k) = E
maxXj

T
=

E maxXj

ET

=
1 + 1

2 + 1
3 + · · ·+ 1

k

k

(
=

vol(A0)√
k/(k − 1)!

)
.
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