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Introduction

Modelling framework: in Finance

The basic framework for stochastic volatility modeling in finance is
that of Brownian semimartingales

t t
0 0

where ¢ and a are cadlag processes and B is Brownian motion,
with ¢ expressing the volatility. In general, Y, ¢, B and a will be
multidimensional.
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Introduction

Modelling framework: Turbulence (Phenomenological approach)

Whereas Brownian semimartingales are 'cumulative’ in nature, for
free turbulence it is physically natural to model timewise velocity dy-
namics by stationary processes:

At time t and at a fixed position x in the turbulent field, the velocity
vector is specified as V; = u + Y; with
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Introduction

Yi(x) = /_too/]RBg(t—s,x—g)gS (&) W (d&ds)
i /—too /]R36](t —5,x —{)as (&) ddds.

where W is white noise, with ¢ expressing the intermittency (=
volatility). In general, Y, ¢, o, W, g, and a will be multidimensional.
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Introduction

Multipower Variations For any stochastic process Y = {Y;}i>¢
(or Y = {Y:};cr) the quadratic variation (QV) process [Y] and
the bipower variation (BV) process {Y'} are, respectively, the lim-
its in probability, when they exist, of the realised quadratic variation
(RQV) |Y;]| and the realised bipower variation (RBV) {Ys}.

To define RVR and RBP, forany § > 0 let Y5 denote the J-discretisation
of Y, i.e. (Ys); = Y|1/5)5 @and recall that for a standard normal vari-

able u we have
u=E{jul} =v2/m
Furthermore, for positive integers n and 6 = n—1 let

A?Y — Y]'(S — Y(]'_1>5.
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Introduction

Then RVR and RBP are given, respectively, by

| nt| 2
Ys], = Z% (A?Y)
=
and - 1]
ot = 5 (Yol
with
1 W "
vs) Y = ]Zé A]-_lY‘ A].Y).
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Introduction

General multipower:
{Y(SM }t = o [v]y"

1] L
[Y(S]t — ’ oY
j=k+1

where

e

More generally,
[t}

Y fi(afay) o fi(afy)

j=k+1
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Introduction

Applications In Finance

N|—

5 () — o3 (s} - o) TN, ((0/0%2“ 1i19]‘7?+>

where ¢ = 1%/4 + 7 — 5 (= 0.609).

Feasible results.
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Introduction

Applications in Turbulence
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Volterra processes

Brownian Volterra processes (BVP):.

Y; = /O;Kt (s)dBS+/_O:OQt (s)ds,

Here K and Q are deterministic functions, sufficiently regular to give
suitable meaning to the integrals.

Backward type:

t t
Yt:/_wKt(s)stJr/_ooQt(s)ds.
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Volterra processes

Lévy Volterra processes (LVP):

i=[ K@EdL+ [ Qis)as

Here L denotes a Lévy process on IR and K and Q are deterministic
kernels, satisfying certain regularity conditions.

Backward type:

Yt:/_tooKt(s)dLS—F/_tooQt(s)ds.
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Volterra processes

Stochastic integration in this kind of setting is discussed for BVP
in [ ], [ ], [ ] and for LVP in | .

When is Y a semimartingale? In that case what is the character
of its spectral representation?

Andreas Basse [ 1, [ ], [ ], for Brownian case.
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Volterra processes

Tempo-spatial Volterra processes:

Y, (x) = /_O;/:Kt (&,5;%) L (dgds)+/

—00

oo

Q: (¢, s;x)déds

o

Here K and Q are deterministic functions, Z is a region in R? and
L* is a homogeneous Lévy basis on & x R.

Backward type:

Y; (x) = /_too/EKt (¢,s;x) L¥ (déds)—l—/_too/ Q: (¢, s;x) déds

e

1]
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Volatility modulated Volterra processes

Volatility modulated Volterra Processes (VMVP).

i = [ [K@s0e@L@eds)+ [ [ i@ sx)a(@)deds

o

1]

where ¢ is a positive stochastic process, embodying the volatility or
intermittency. (K and Q deterministic, o and a stochastic.)

Backwards moving average type.

i = [ [g@xt-s)e @)L (dds)
+/too/3q(§—x,t—s)as(§)d§ds
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Inference on the volatility

A central issue in these settings is how to draw inference on the
volatility process o.

In cases where the processes are semimartingales, the
provides effective tools for this. ([ ],
[ | and references given there)

However, VMVP processes are generally not of semimartingale
type and the question of how to proceed then is largely unsolved
and poses mathematically challenging problems.
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Inference on the volatility

It is further of interest to consider cases where processes express-
ing possible jumps or noise in the dynamics are added.

Some of these problems are presently under study in joint work
with Jose-Manuel Corcuera, Neil Shephard, Jurgen Schmiegel and

Mark Podolski.
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Ambit processes

Ambit processes: ([ 1)

Vil) = et [ g (=5 18— xl) 0 () W (42, ds)

[ 8= JE —xl)as () dgds

Here A; (0) and Dy (o) are termed ambit sets.
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Ambit processes

Ambit processes
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Ambit processes

i

o o

Two overlappng ambit sets

/
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1-dim. BM MA setting

Recall: Modelling time series by stochastic processes of the form
V =pu+Y with

Y; = /_toog (t—u)o,dB, + /_too h(t — u)asdu. (1)

Here B is Brownian motion, the kernels i and ¢ are determinis-
tic, positive and square integrable functions on (0, c0), presumed
known, and ¢ is a stationary process which expresses the time-
dependent variation or volatility of the process Y.

Moreover, a and ¢ are stochastic processes satisfying the same as-
sumptions as are usual for Brownian semimartingales; in particular,
o is square integrable.
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1-dim. BM MA setting

Concretely we (BN+Schmiegel) think of this as a modelling frame-
work for the time-wise behaviour of the main component of the ve-
locity vector (i.e. the component in the mean direction of the fluid
motion) in a turbulent field.

Question: To what extent is the integral of the squared volatility
over the interval [0, t], i.e.

t
ot = / o2du,
0

consistently estimable by a suitably normalised version of the re-
alised quadratic variation of Y when the limiting scheme consid-
ered is that Y is observed at the time points jo, j = 1,...,n, where
6 =t/n,and n — oo with ¢ fixed?
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1-dim. BM MA setting

Conjecture: (of work in progress by BN+Corcuera+Podolskij)

The theory of multipower variation can be extended to processes of
the form (1) under conditions on ¢ of which the essential one is that

the function -
R(t):/O g(t+u)g(u)du
satisfies the following (given on next slide) three assumptions (A1)-

(A3) where R =2 (||g|\2 — R) and 0 < y < 2:

Note The conjecture holds true for power variation when o is a
constant, as follows from [ ]
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1-dim. BM MA setting

(A1) R(t) = t"Ly(t) for some slowly varying (at 0) function L,
which is continuous on (0, o).

(A2) R”(t) = t772L, (t) for some slowly varying (at 0) function L,,
which is continuous on (0, o).

(A3) There exists a b € (0,1) with

Ly (y)
Lo (X)

< 09,

limsup sup
x—0 ye [x,xb]
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Conjecture: Some first considerations

Recall:

t t
Y; = / g(t—u)oy,dB, + / h(t — u)asdu.

The influence of the ‘drift term’, that is the second integral, will dis-
appear under the limiting procedure we have in mind, so henceforth
that term is assumed not to be present, and we write the expression
for Y briefly as

Y =g¢gx*x0ceB.
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Conjecture: Some first considerations

To ensure that Y is well defined we assume that ¢ (t —u) oy, is
square integrable with respect to 1 on (—oo, t|, for all t € R.

Furthermore, we suppose that g is differentiable on (0, c0) and that
for any e > 0 and any ¢ the integral [*_ ¢ ¢2(t — u)o2du exists and g
is Lipschitz of order 2 on [¢, 00).

Volatility Modulated Volterra Processes page 26 of 72



THIELE CENTRE

FOR APPLIED MATHEMATICS IN NATURAL SCIENCE

Conjecture: Some first considerations

Suppose for the moment that o = 1 identically. Then Y = ¢ * B and this
process has autocovariance and autocorrelation functions

R (f) :/0 o(t+u)g (u)du
and -

r(t) :/0 g(t+u)g (u)du
where § = ¢/ ||| and

s> = [ * () du

We let )
F()=1—r(t) and R(t)=2]g|*7(t).
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Quadratic variation of Y = gxc e B

Let AYY = Yjs — Y(j_1)s and for any g > 0, let V(Y,q)} be the

realised g-th order power variation of Y, i.e.

V(Y,q)f =n271 Y]

n
q

A;?Y‘ |
j=1

For g = 2 this is the realised quadratic variation, which will be the
basis for estimating 2.

We let
)

R = e P
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Quadratic variation of Y = gxc e B

Special restrictive setting: We suppose that the process ¢ is
independent of the Brownian motion B, and we will argue condi-
tionally on o.

Remark: Under (A1)-(A3) the variance of V(Y,2)? will go to 0 as
0 — 0. What remains in order to establish consistency is then that

= p
E{V(Y,2){|c} = of"
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Quadratic variation of Y = gxc e B

Behaviour of E{V (Y,2)}|c}
Note that
t4+0
Yiis—Y: = /t g(0+t—u)o,dB,
t
+/ (¢(6+t—u)—g(t—u))oudBu.

Hence, for arbitrary ¢ > 0,

SE{V(Y,2)!|o} = /52 %8 (0) do

[ 5}; 2 o (8 (6+0) — g (0))* do
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Quadratic variation of Y = gxc e B

After some calculation we find (key relation)
y ~1
E{V(Y,2)|r} = o7 + R (5) " A(9)
where

A(6)=Ap(6)+ A1(5;e) + Ax (6;¢)
with
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Quadratic variation of Y = gxc e B
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Quadratic variation of Y = gxc e B

Let

and note that ¢y (8) + ¢ (6) = R (9).

Furthermore, let

and note that
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Quadratic variation of Y = gxc e B

It follows that for any € > 0

i 5
E{V(v,2)fl0} ~ 3] < sup |92 — o301
0<v<é (5
¢ (4)
+ sup |(7 —0? \ R (0)
0<v<e

+ sup |6%F — o?T|C (¢) =
s<vliw‘ t ‘ ( )13(5)
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Conclusion

The upshot of these considerations is that if ¢y (§) and ¢ (6) are of
the same asymptotic order as 6 — 0, with this common order being
smaller than that of 4%, then

v(y,2)r L oot

More boldly, one may surmise that it will be possible to derive a

feasible asymptotic normal limit result for inference on ¢ under
some additional assumption on the behaviour of g at 0.

Volatility Modulated Volterra Processes page 35 of 72



THIELE CENTRE

FOR APPLIED MATHEMATICS IN NATURAL SCIENCE

A class of moving average models

Particular case: Suppose thatoc =1 and
gty =t""e™ 3)
with v > 1 and a > 0.

Remark The derivative ¢ of g is not square integrable if% <v <l

orl <v < %; hence, in these cases Y is not a semimartingale.
For v = 1 the process Y is a semimartingale, in fact a modulated
version of the Gaussian Ornstein-Uhlenbeck process. Note also
that when v > % then Y is of finite variation and hence, trivially, a
semimartingale.
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A class of moving average models

Remark Suppose that the volatility process is constant, o; = 0.
In this case (] )

_ p
7(Y,2)! — t 2.

In fact, considerably more is true: [ ] derived associated
(nonfeasible) limit law results

It follows from those results that the limit distribution is normal if
1 < v < 2, with rate 673/%7 (5), while it belongs to the second order

Wiener chaos, with rate 622, for 2 < v < 3.

Extension to the power variations V (Y, g)}, g > 0, are also given in

[ ]
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A class of moving average models

The following analysis uses a number of, mostly well known, prop-
erties of modified Bessel functions of the third type K, (not given
explicitly here).

Steps in analysis:
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A class of moving average models

(i) Properties of the autocorrelation function r of Y = ¢ x B: Exact
formulae for the autocorrelation function r and its derivatives.

(ii) Asymptotic properties of 7 (t) =1 —r (t) fort — 0.
(iii) Verification that (A1)-(A3) are satisfied
(iv) Asymptotics of ¢y (6) and ¢ (6) for 6 — 0

(v) Example illustrating the asymptotics of E {V (Y, 2)}'} for a very
special choice of ¢; that allows explicit calculations.
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A class of moving average models

Formulae for » and its derivatives

The autocorrelation function » of Y = ¢ * B has the form
T (2rv-1
By formulae for the Bessel functions of type K we find

)e_“t / (t+u)" P ur—le 2044t
0
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A class of moving average models

Suppose for notational simplicity that « = 1, and let
c(v)=2""*r(v) !,

Then, we find, for v (%,%) we find

clv—3
(1) = E% - j? PRy (1

70 =c(v-3) P Ry, (- Ky, ()

2
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A class of moving average models

Behaviour of 7 =1 — r near O

Using formulae for the Bessel functions of type K we find that for
t — 0 the complementarry autocorrelation function 7 (t) = 1 — r (¢)
behaves as

_ r(3—v 2v—1 1 3

2 2V+1I,E5+5 (at)™ "+ 0O () for 3<v<3
7(t) ~ 1 (at)®|logt| for v =3

o) i<y

Volatility Modulated Volterra Processes page 42 of 72



THIELE CENTRE

FOR APPLIED MATHEMATICS IN NATURAL SCIENCE

A class of moving average models

Verification of assumptions (A1)-(A3):

N|—
~
NI

Conditions (A1)-(A3) are satisfied (with v = 2v — 1 and v € (
v €(0,2))

), .e.
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A class of moving average models

On (A1): The complementary autocorrelation function 7 is of the

form
F(t) =211y (¢)
with
L() (t) = t_2V+1 (1 — KV_% (Dét))
and

3 _
LO (t) N 2—21/—|—1 I (2 1/)
r(v+3)
It follows that L is slowly varying at 0, and hence assumption (A1)
is met.

for t — 0.
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A class of moving average models

On (A2): Note that
7 (t) = Y 3Ly (1)
with
Lo (f) = c (1/ - %) [Rs () -Ky (0},

where L, is slowly varying at 0 with

Ly (t) —» =2 (v—1) L
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A class of moving average models

The latter follows from the rewrite

7 (t) =

|
o~
N
T
w
()
N\
<
|
N =
N~
()
N
N W
|
<
N~
N
r——
VS
(V)]
|
N
<
N——"
R«
N1
|
<
VS
o~
N—"
|
R«
NI
|
<
VN
o~
N—"
H/_/

3
1%

r(

Thus (A2) holds.
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A class of moving average models

On (A3): Finally, we find

Ly () =

|
o
7 N\
<<
|
N[ =
N—
——
i
NIOT ~
|
<<
—
—~
~
|
N
NI ~
|
<
—
—~
~
——

I

()
N

<

|

)—1t—2v+1KV_1 (t) . C(l/ . %)—1t2v—1K%V (t)}

2

Hence (for v € (%,%)) L, (t) is increasing near 0. Consequently
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A class of moving average models

limsup sup
x—0 ye [.X,Xb]

Here, as x — 0,

while

() e eG) G )

Therefore also condition (A3) is satisfied.
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A class of moving average models

Asymptotic behaviour of c; (4) and c (6), taking a« = 1,

1
co (5> — T 1521/—1 i O (521/4—7’1—1)

222124 0 (s27) for 3 < v

Volatility Modulated Volterra Processes page 49 of 72



THIELE CENTRE

FOR APPLIED MATHEMATICS IN NATURAL SCIENCE

A class of moving average models

Key Example

Consider now the special case where ¢ is given by

O-u — e(ll)_l)u.

This particular choice allows explicit calculation of E{V (Y,2)}}. Af-
ter some calculation one finds
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A class of moving average models

[t/6]

E{V(Y,2)"} ( Ze - >¢<2"1>A(5)

5
2|glI*7 (6)

where
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A class of moving average models

When 1 < v < 3 we have
A~y 140 (52)

5
2|glI*7 ()

and hence

E{V(Y,2)} — 0"

On the other hand, if v > 3 we obtain

5
2|glI*7 ()

BV} 92 (p 2 e (v-3) -9 B
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A class of moving average models

Remark For the concrete model considered here, i.e.
t
Y, = / (t—u) " Leat-Wg,dB,,

let t
Xt — / e’ (t — S)l_v YSdS.

Then (Fubini!?), for 1 < v < 3,
t S
Xt = / e(XS (t — S)lV/ (S . u)v—l e—tx(s—u)o,udBudS
— t au t 1—v v—1
oo )

t
B(1—-v,v) / e""o,dB,,.
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Realised Variation Ratio

Recall that RVR and RBP are given, respectively, by

| nt| 2
Ys), = Z (A7Y)
=
_ 7T [1/1] I
[t/n]

Yl =Y

j=2

A}Tl_lY‘

n
A].Y).
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Realised Variation Ratio

Let
n 2 n 2

) =Y (A;?_ly) , and [Y)]" =Y (A;?Y) .

and define the realised variation ratio (RVR) by

{Ys}
Y| = .
{ 5] [Y(S]/‘;[Y(S]N

The probability limit of this ratio, when it exists, is the variation ratio
VR), denoted {Y], i.e.

{Y] = p-lim{Yy).
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Realised Variation Ratio

The RVR as a diagnostic tool for model checking.
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Realised Variation Ratio

Note The variation ratio may well exist even in cases where the
quadratic variation and the bipower variation are both infinite or both
zero. This is the case, in particular, for Y = ¢ o e B with g () =
tv—1le=at infinite occurring for% <v<<landzeroforl <v < %
(Another simple example of thisis Y; = t or Y; = 1 for then {Y} =
Y] = 0 while {Y] = 7.)
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Realised Variation Ratio

We have
=T (") - T

j=2

2

n
A]-Y‘—

A1)

From this equation it follows that

0 <A{Ys] < g and hence 0 < {Y] < g
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Realised Variation Ratio

It also follows that RVR is close to g if the correlation between
cor{|A7_1Y A;?Y’} is close to 1 for all j. This, in turn, holds if

/4

cor {A}"_lY, A;?Y} is close to 1 or —1 for all ;.
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Realised Variation Ratio

To see the latter, recall that for arbitrary standard normal variables
u and v with correlation coefficient p

E{|uv|} = % (parcsinp—|— \/1 —p2> :

It follows that

cor{\u|,\v|}:%(parcsinp—k\/l—pz—l). (4)

Note that cor {|u|, |v|} does not depend on the sign of p and that it
is an increasing function of |p|.
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The Figure below shows a plot of the function paresinp + /1 — p2.
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Under certain conditions we will have that, for 6 — 0,
E{lY
{Y(S] N {{/ 5}}// .
E { [Y5] +[Y5] }
2

Y = ¢ 0 e Bwith ¢ (t) = t'"1e7*, Then
1Y) ~ p (8) arcsinp (6) + /1 — p (3

with
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Example Suppose that 7 is of the form

F(t) =cytT +0(t7)
fort — 0 and some vy # 1, and where c,, is a positive constants (i.e.
as is the case for g (t) = '~ le7* with } <v < 3 and y = 2v — 1).

Then
c/ 2767 + o (17
{Yé] ~ ; 2% ( )
cy07 40 (17)
=271 _1+40(1).
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