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Power variation for some class of processes The power variation

For any p > 0, a natural number n and for any stochastic process
Z = {Zt , t ∈ [0, T ]} the (normalized) power variation of order p is
defined as

V n
p (Z )t :=

1
nτp

n

[nt]∑
i=1

∣∣∣Z i
n
− Z i−1

n

∣∣∣p ,

where τn is a normalization factor.
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Power variation for some class of processes Sequences of functionals of Gaussian processes

Consider a complete probability space (Ω,F , P) and a Gaussian
subspace H1 of L2(Ω,F , P) whose elements are zero-mean Gaussian
random variables. Let be IH a separable Hilbert space with scalar
product denoted by 〈·, ·〉IH and norm || · ||IH , we will assume there is an
isometry

W : IH → H1

h 7→ W (h)

in the sense that

E(W (h1)W (h2)) = 〈h1, h2〉IH .
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Power variation for some class of processes Sequences of functionals of Gaussian processes

For any m ≥ 2, we denote by Hm the m-th Wiener chaos, that is, the
closed subspace of L2(Ω,F , P) generated by the random variables
Hm(X ), where X ∈ H1, E(X 2) = 1, and Hm is the m-th Hermite

polynomial, i.e. H0(x) = 1 and Hm(x) = (−1)me
x2
2 dm

dxm (e−
x2
2 ).
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Power variation for some class of processes Sequences of functionals of Gaussian processes

Suppose that IH is infinite-dimensional and let {ei , i ≥ 1} be an
orthonormal basis of IH. Denote by Λ the set of all sequences
a = (a1, a2, ...), ai ∈ N, such that all the terms except a finite number of
them, vanish. For a ∈ Λ we set a! = Π∞i=1ai ! and |a| =

∑∞
i=1 ai . For any

multiindex a ∈ Λ we define

Φa =
1√
a!

Π∞i=1Hai (W (ei)).
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Power variation for some class of processes Sequences of functionals of Gaussian processes

The family of random variables {Φa, a ∈ Λ} is an orthonormal system.
In fact

E
(
Π∞i=1Hai (W (ei))Π

∞
i=1Hbi (W (ei))

)
= δaba!.

And {Φa, a ∈ Λ, |a| = m} is a complete orthonormal system in Hm .
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Power variation for some class of processes Sequences of functionals of Gaussian processes

Let a ∈ Λ, with |a| = m, the mapping

Im : IH�m → Hm

⊗̃∞i=1e⊗ai
i 7→ Π∞i=1Hai (W (ei)),

where ⊗̃ denotes the symmetrization of the tensor product ⊗, between
the symmetric tensor product IH�m, equipped with the norm√

m! ‖·‖H⊗m and the m-th chaos, is a linear isometry. We also define I0
as the identity in R.
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Power variation for some class of processes Sequences of functionals of Gaussian processes

For any h = h1 ⊗ · · · ⊗ hm and g = g1 ⊗ · · · ⊗ gm ∈IH⊗m, we define the
p-th contraction of h and g, denoted by h ⊗p g, as the element of
IH⊗2(m−p) given by

h⊗pg =< hm, g1 >IH · · · < hm−p+1, gp >IH h1⊗· · ·⊗hm−p⊗gp+1⊗· · ·⊗gm.

This can be extended by linearity to any element ofIH⊗m. Note that if h
and g belong to IH�m, h⊗p g does not necessarily belong to IH�(2m−p).

José M. Corcuera (University of Barcelona) 9 / 53



fblanc1

Power variation for some class of processes Sequences of functionals of Gaussian processes

We have the following properties
Im(ei

⊗m) = Hm(W (ei)).

Ip(h)Iq(g) =
∑p∧q

r=0 r !
(

p
r

)(
q
r

)
Ip+q−2r (h⊗̃r g)
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Power variation for some class of processes Sequences of functionals of Gaussian processes

Note that if we take h = ei
⊗p, g = ei

⊗q we obtain

Hp(W (ei))Hq(W (ei)) =

p∧q∑
r=0

r !
(

p
r

)(
q
r

)
Hp+q−2r (W (ei))
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Power variation for some class of processes Sequences of functionals of Gaussian processes

Theorem
Let G the σ-field generated by the random variables {W (h), h ∈ IH}.
Any square integrable random variable F ∈ L2(Ω,G , P) can be
expanded as

F =
∞∑

m=0

Im(fm).
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Power variation for some class of processes Sequences of functionals of Gaussian processes

Consider a sequence of d-dimensional random vectors
Fn = (F 1

n , F 2
n , ..., F d

n ), such that F k
n ∈ L2(Ω,G , P) and

F k
n =

∞∑
m=0

Im(f k
m,n)
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Power variation for some class of processes Sequences of functionals of Gaussian processes

Theorem
Assume the following conditions hold:

(i) For k , l = 1, . . . , d we have

lim
n→∞

∞∑
m=1

m!||f k
m,n||2IH⊗m = Σkk .

∞∑
m=1

lim
n→∞

〈f k
m,n, f l

m,n〉 = Σkl , k 6= l ,

(ii) For any m ≥ 1, k = 1, . . . , d and r = 1, . . . , m − 1

lim
n→∞

||f k
m,n ⊗r f k

m,n||2IH⊗2(m−r) = 0.

Then we have
Fn − f0,n

D−→ Nd(0,Σ). (1)

as n tends to infinity.
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Power variation for some class of processes Sequences of functionals of Gaussian processes

Consider the simple case where we have a family of stationary,
centered, Gaussian random variables {Xi}i≥1, with E(X 2

1 ) = 1, and we
want to know the behavior of the sequence

Yn =
1√
n

(
n∑

i=1

H(Xi)− E(H(X1))

)

when n goes to infinity. We assume that E(H(X1)
2) < ∞. We can take

H1 =span{Xi , i ≥ 1}, and IH ≡ H1 !, then
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Power variation for some class of processes Sequences of functionals of Gaussian processes

H(x) =
∞∑

m=0

cmHm(x)

and

Yn =
∞∑

m=1

1√
n

n∑
i=1

cmHm(Xi)

=
∞∑

m=1

1√
n

n∑
i=1

cmIm(X⊗m
i )

=
∞∑

m=1

Im

(
1√
n

n∑
i=1

cmX⊗m
i

)

then

fm,n =
1√
n

n∑
i=1

cmX⊗m
i

and
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Power variation for some class of processes Sequences of functionals of Gaussian processes

∞∑
m=1

m!||fm,n||2IH⊗m =
∞∑

m=1

m!c2
m

n

n∑
i,j=1

ρ(i − j)m

=
∞∑

m=1

m!c2
m

1 +
n−1∑
j=1

ρ(j)m
(

1− j
n

) ,

fm,n ⊗r fm,n =
c2

m
n

n∑
i,j=1

ρ(i − j)r X⊗(m−r)
i ⊗ X⊗(m−r)

j ,

and
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Power variation for some class of processes Sequences of functionals of Gaussian processes

‖fm,n ⊗r fm,n‖2
IH⊗2(m−r)

=
c4

m
n2

n∑
i,j,k ,l=1

ρ(i − j)rρ(k − l)rρ(i − k)m−rρ(j − l)m−r

=
c4

m
n

n−1∑
i,j,k=0

ρ(i)rρ(j − k)rρ(j)m−rρ(i − k)m−r (1− i ∨ j ∨ k
n

)
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Power variation for some class of processes Gaussian processes with stationary increments

Let X be a centered Gaussian process X with stationary increments
and such that

E(Xt − Xs)
2 = |t − s|2HL(|t − s|), 0 < H < 1,

where L is a continuous function on (0,∞) slowly varying at zero, that
is

lim
x↓0

L(tx)

L(x)
= 1,∀t > 0.

Since L is a continuous function slowly varying at zero, for any δ > 0
and x ∈ (0, 1] there exists a constant K (δ) such that

|L(x)| ≤ K (δ)x−δ,

so
E(Xt − Xs)

2 ≤ K (δ)|t − s|2H−δ, 0 < s, t ≤ 1

and then (a version of) Xt has trajectories (H − ε)-Hölder continuous.
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Power variation for some class of processes Gaussian processes with stationary increments

Consequently the trajectories of Xt have p-finite variation with p > 1/H:

Varp(X ; [a, b]) = sup
π

(
n∑

i=1

∣∣Xti − Xti−1

∣∣p)1/p

≤ ‖f‖H−ε sup
π

(
n∑

i=1

|ti − ti−1|p(H−ε)

)1/p

= ‖f‖H−ε sup
π

(
n∑

i=1

|ti − ti−1|

)1/p

= ‖f‖H−ε (b − a)1/p,

where ‖f‖H−ε is the Hölder norm and where we take p = 1/(H − ε).
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Power variation for some class of processes Integral processes

Young (1936) proved that the Riemann-Stieltjes integral
∫ b

a fdg exists if
f and g do not have common discontinuities and they have finite
p-variation and finite q-variation, respectively, in the interval [a, b] and
1
p + 1

q > 1.
Then we can consider processes Z of the form

Zt =

∫ t

0
usdXs

where u is a process with finite q-variation q < 1/(1− H).
The purpose is to study asymptotic behavior of the power variation of Z

V n
p (Z )t =

1
nτp

n

[nt]∑
i=1

∣∣∣∣∣
∫ i

n

i−1
n

usdXs

∣∣∣∣∣
p

where τn = Var(X 1
n
)1/2.
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Power variation for some class of processes Convergence in probability

Set cp = E(|N(0, 1)|p) =
2p/2Γ( p+1

2 )

Γ(1/2) . Fix T > 0, denote by u.c.p. the
uniform convergence in probability in the time interval [0, T ] and ‖ · ‖∞
for the supremum norm on [0, T ]. Assume conditions

C1 t2HL(t) ∈ C2 and
(
t2HL(t)

)′′
= t2H−2L1(t) where L1 is slowly

varying and continuous in (0,∞).
C2 There exits b, 0 < b < 1, such that

C = lim sup
x↓0

 sup
y

x≤y≤xb

∣∣∣∣L1(y)

L(x)

∣∣∣∣
 < ∞

then
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Power variation for some class of processes Convergence in probability

Theorem

Suppose that u = {ut , t ∈ [0, T ]} is a stochastic process with finite
q-variation, where q < 1

1−H . Set

Zt =

∫ t

0
usdXs.

Then,

V n
p (Z )t

u.c.p−→ cp

∫ t

0
|us|pds,

as n tends to infinity for any t > 0.
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Power variation for some class of processes Convergence in probability

Assume first that us ≡ 1. Then Zt = Xt and

V n
p (X )t =

1
nτp

n

[nt]∑
i=1

∣∣∣X i
n
− X i−1

n

∣∣∣p =
1
n

[nt]∑
i=1

∣∣∣∣∣X i
n
− X i−1

n

τn

∣∣∣∣∣
p

,

therefore
E
(
V n

p (Z )t
)

=
[nt ]
n

E(|N(0, 1)|p) =
[nt ]
n

cp

and

Var(V n
p (X )t) =

[nt ]
n2 (c2p−cp)+

2
n2

[nt]−1∑
j=1

(n− j)Cov(

∣∣∣∣∣X 1
n

τn

∣∣∣∣∣
p

,

∣∣∣∣∣X j+1
n
− X j

n

τn

∣∣∣∣∣
p

)
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Power variation for some class of processes Convergence in probability

Set
H(x) = |x |p − cp

we can write

H(x) =
∞∑

m=2

amHm(x)

where Hm(x) are Hermite polynomials and a2 =
pcp
2 . Then

Cov(

∣∣∣∣∣X 1
n

τn

∣∣∣∣∣
p

,

∣∣∣∣∣X j+1
n
− X j

n

τn

∣∣∣∣∣
p

) =
∞∑

m=2

a2
mm!ρn(j)m

where

ρn(j) = Cov(
X 1

n

τn
,
X j+1

n
− X j

n

τn
)
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Power variation for some class of processes Convergence in probability

E(XtXs) =
1
2
(E(X 2

t ) + E(X 2
s )− E((Xt − Xs)

2))

=
1
2
(t2HL(t) + s2HL(s)− |t − s|2HL(|t − s|))

and consequently

ρn(j) =
1

2L(1
n )

(
(j + 1)2HL(

j + 1
n

) + (j − 1)2HL(
j − 1

n
)− 2j2HL(

j
n

)

)
, j ≥ 1
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Power variation for some class of processes Convergence in probability

By conditions C1 and C2, and m ≥ 2

1
n

[nt]−1∑
j=1

(1− j
n

)ρn(j)m ∼ 1
n

[nt]−1∑
j=1

ρ(j)m

with
ρ(j) =

1
2

(
(j + 1)2H + (j − 1)2H − 2j2H

)
, j ≥ 1.

Then
Var(V n

p (X )t) →
n→∞

0

and therefore
V n

p (Z )t
P→ cpt .
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Power variation for some class of processes Convergence in probability

For the general case we can write, for any m ≥ n and if p ≤ 1

|V m
p (Z )t − cp

∫ t

0
|us|pds|

≤ 1
mτp

m

∣∣∣∣∣∣
[mt]∑
j=1

(∣∣∣∣∣
∫ j

m

j−1
m

usdXs

∣∣∣∣∣
p

−
∣∣∣u j−1

m
(X j

m
− X j−1

m
)
∣∣∣p)

∣∣∣∣∣∣
+

1
mτp

m

∣∣∣∣∣∣
[mt]∑
j=1

∣∣∣u j−1
m

(X j
m
− X j−1

m
)
∣∣∣p − [nt]∑

i=1

∣∣∣u i−1
n

∣∣∣p ∑
j∈In(i)

∣∣∣X j
m
− X j−1

m

∣∣∣p
∣∣∣∣∣∣

+

∣∣∣∣∣∣ 1
mτp

m

[nt]∑
i=1

∣∣∣u i−1
n

∣∣∣p ∑
j∈In(i)

∣∣∣X j
m
− X j−1

m

∣∣∣p − cpn−1
[nt]∑
i=1

∣∣∣u i−1
n

∣∣∣p
∣∣∣∣∣∣

+cp

∣∣∣∣∣∣n−1
[nt]∑
i=1

∣∣∣u i−1
n

∣∣∣p − ∫ t

0
|us|pds

∣∣∣∣∣∣ = A(m)
t + B(n,m)

t + C(n,m)
t + D(n)

t ,

where In(i) = {j : j
m ∈ ( i−1

n , i
n ]}, 1 ≤ i ≤ [nt ] .
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Power variation for some class of processes Convergence in probability

For any fixed n, C(n,m)
t converges in probability to zero, uniformly in t ,

as m tends to infinity. In fact,

∥∥∥C(n,m)
∥∥∥
∞
≤

[nT ]∑
i=1

∣∣∣u i−1
n

∣∣∣p
∣∣∣∣∣∣ 1
mτp

m

∑
j∈In(i)

∣∣∣X j
m
− X j−1

m

∣∣∣p − cpn−1

∣∣∣∣∣∣
and we can use the result for u ≡ 1. In a similar way we can prove that
as m tends to infinity

lim sup
m

∥∥∥B(n,m)
∥∥∥
∞
≤

cp

n

[nT ]∑
i=1

sup
s∈In(i)∪In(i−1)

∣∣∣|u i−1
n
|p − |us|p

∣∣∣+ ‖|u|p‖∞ ,

where In(i) =
[ i−1

n , i
n

]
, and this tends to zero as n goes to infinity

because |u|p is regulated.
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Power variation for some class of processes Convergence in probability

∥∥∥A(n,m)
∥∥∥
∞

≤ 1
mτp

m

[mt]∑
j=1

∣∣∣∣∣
∫ j

m

j−1
m

usdXs − u j−1
m

(X j
m
− X j−1

m
)

∣∣∣∣∣
p

≤ c 1
H−ε

,q
1

mτp
m

[mT ]∑
j=1

(
Varq(u; Im(j))Var 1

H−ε
(X ; Im(j))

)p

≤ c 1
H−ε

,qT ||u||pq||X ||
p

1
H−ε

m−pq+pε

José M. Corcuera (University of Barcelona) 30 / 53



fblanc1

Power variation for some class of processes Central limit theorem I

For H ∈ (0, 3
4) the fluctuations of the power variation, properly

normalized, have Gaussian asymptotic distributions. Write

σ2
m = 1 + 2

∞∑
j=1

ρ(j)m

with

ρ(j) =
1
2

(
(j + 1)2H + (j − 1)2H − 2j2H

)
, j ≥ 1.

and

σ2 =
∞∑

m=2

a2
mm!σ2

m
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Power variation for some class of processes Central limit theorem I

Theorem

Fix p > 0. Assume 0 < H < 3/4. Then

(Xt ,
√

n( V n
p (X )t − cpt) L→ (Xt , σWt), (2)

as n tends to infinity, where W = {Wt , t ∈ [0, T ]} is a Brownian motion
independent of the process X, and the convergence is in the space
D([0, T ])2 equipped with the Skorohod topology.
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Power variation for some class of processes Central limit theorem I

The proof has two steps. Set

Z (n)
t =

√
n( V n

p (X )t − cpt)

Step 1. First we have to show the convergence of the finite
dimensional distributions. Let Jk = (ak , bk ] , k = 1, . . . , N be pairwise
disjoint intervals contained in [0, T ]. Define the random vectors
X = (Xb1 − Xa1 , . . . , XbN − XaN ) and Y (n) = (Y (n)

1 , . . . , Y (n)
N ), where

Y (n)
k =

1√
n

∑
[nak ]<j≤[nbk ]

∣∣∣∣Xj/n − X(j−1)/n

τn

∣∣∣∣p −√
ncp|Jk |,

k = 1, . . . , N and |Jk | = bk − ak . We have to show that

(X , Y (n))
L→ (X , V ), (3)

where X and V are independent and V is a Gaussian random vector
with zero mean, and independent components of variances σ2|Jk |.
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Power variation for some class of processes Central limit theorem I

Set Xj,n =
Xj/n−X(j−1)/n

τn
and H(x) = |x |p − cp. Then, {Xj,n, j ≥ 1} is a

stationary Gaussian triangular system with zero mean, unit variance
and E(X1,nXj+1,n) = ρn(j).Thus, the convergence (3) is equivalent to
the convergence in distribution of (X (n), Y (n)) to (X , V ), where

X (n)
k = τn

∑
[nak ]<j≤[nbk ]

Xj,n, 1 ≤ k ≤ N (4)

and
Y (n)

k =
1√
n

∑
[nak ]<j≤[nbk ]

H(Xj,n), 1 ≤ k ≤ N. (5)
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Power variation for some class of processes Central limit theorem I

Then we can take H1 to be the closed subspace of L2(Ω,F , P)
generated by the random variables Xn,j . and to apply the results on
sequences of functionals of Gaussian processes mentioned before.
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Power variation for some class of processes Central limit theorem I

Step 2. We need to show that the sequence of processes Z (n) is tight
in D([0, T ]). Let us compute for s < t

E(
∣∣∣Z (n)

t − Z (n)
s

∣∣∣4) = n−2E


∣∣∣∣∣∣

[nt]∑
j=[ns]+1

H(Xj,n)

∣∣∣∣∣∣
4
 .

If H is polynomial we have that, for all N ≥ 1

1
N2 E


∣∣∣∣∣∣

N∑
j=1

H(Xj,n)

∣∣∣∣∣∣
4
 ≤ K ,

this is guaranteed by the behavior of the contractions mentioned
before, then for all t1 ≤ t ≤ t2

E(
∣∣∣Z (n)

t2 − Z (n)
t

∣∣∣2 ∣∣∣Z (n)
t − Z (n)

t1

∣∣∣2) ≤ C |t2 − t1|2 ,

and by Billingsley (1968, Theorem 15.6) we get the desired tightness
property, finally, for general H, we can use an approximation argument.
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Power variation for some class of processes Central limit theorem II

Theorem

Fix p > 0. Let H ∈ (0, 3/4). Suppose that u = {ut , t ∈ [0, T ]} is a
stochastic process, measurable with respect to X , with Hölder
continuous trajectories of order a > 1

2(p∧1) . Set Zt =
∫ t

0 usdXs. Then(
Xt ,

√
n(V n

p (Z )t − cp

∫ t

0
|us|pds)

)
L→
(

Xt , σ

∫ t

0
|us|pdWs

)
,

as n tends to infinity, where W = {Wt , t ∈ [0, T ]} is a Brownian motion
independent of X and the convergence is in D([0, T ])2.
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Power variation for some class of processes Central limit theorem II

For any m ≥ n, we can write,

√
m(V m

p (Z )t − cp

∫ t

0
|us|pds) = A(m)

t + B(n,m)
t + C(n,m)

t + D(m)
t ,

where

A(m)
t =

1√
mτp

n

[mt]∑
j=1

(∣∣∣∣∣
∫ j

m

j−1
m

usdXs

∣∣∣∣∣
p

−
∣∣∣u j−1

m
(X j

m
− X j−1

m
)
∣∣∣p) ,
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Power variation for some class of processes Central limit theorem II

B(n,m)
t =

1√
mτp

n

[mt]∑
j=1

∣∣∣u j−1
m

(X j
m
− X j−1

m
)
∣∣∣p − 1√

m
cp

[mt]∑
j=1

|u j−1
m
|p

−
[nt]∑
i=1

|u i−1
n
|p
∑

j∈In(i)

1√
mτp

n

∣∣∣X j
m
− X j−1

m

∣∣∣p +

√
m
n

cp

[nt]∑
i=1

|u i−1
n
|p ,

C(n,m)
t =

[nt]∑
i=1

|u i−1
n
|p
√m(

∑
j∈In(i)

1
mτp

n

∣∣∣X j
m
− X j−1

m

∣∣∣p − cp

n
)


and

D(m)
t =

1√
m

cp

[mt]∑
j=1

|u j−1
m
|p −

√
mcp

∫ t

0
|us|pds.
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Power variation for some class of processes Central limit theorem II

Then as m →∞

C(n,m)
t

L→
stably

σ

[nt]∑
i=1

|u i−1
n
|p
(

W i
n
−W i−1

n

)
and as n →∞

[nt]∑
i=1

|u i−1
n
|p
(

W i
n
−W i−1

n

)
u.c.p→

∫ t

0
|us|pdWs
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More general functionals

Let Z = {Zt , t ≥ 0} be a stochastic process, define

Z (n)
t = Z i−1

n
+ n(t − i − 1

n
)(Z i

n
− Z i−1

n
),

i − 1
n

≤ t <
i
n

, (6)

that is the broken line approximation of Zt . The derivative of Z (n)
t , that

we denote by Ż (n)
t , is defined except for a finite number of points. We

are going to study the asymptotic behavior of functionals of the form

F (n)
g,h (Z )t =

∫ [nt]
n

0
h(Z (n)

s )g
(

Ż (n)
s nH−1

)
ds, (7)

where h and g are continuous functions.
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More general functionals

In the particular case g(x) = |x |p, where p > 0, and h ≡ 1, F (n)
g,h (Z ) is

the normalized power variation of order p that we will write V (n)
g (Z )t . In

fact ∫ [nt]
n

0

∣∣∣Ż (n)
s nH−1

∣∣∣p ds =
1
n

[nt]∑
i=1

∣∣∣(Z i
n
− Z i−1

n
)nH

∣∣∣p
These kind of functionals have been considered in Leon and Ludeña
(2004). There the authors study their asymptotic behavior by assuming
that Z is the solution of an stochastic differential equation driven by a
fBm with H > 1/2.

José M. Corcuera (University of Barcelona) 42 / 53



fblanc1

More general functionals

We are going to impose the following condition on the function g:
H: There exist constants α ∈ (0, 1], a, b ≥ 0 and 0 ≤ p < 2 such that
for all 0 ≤ x < y we have

|g(y)− g(x)| ≤ C(ξ)|y − x |α,

where ξ ∈ [x , y ] and the function C satisfies 0 ≤ C(u) ≤ aeb|u|p .
We will denote by W a standard normal random variable independent
of the process BH , and EW will denote the mathematical expectation
with respect to W . Let cg(z) = EW (g(zW )) for any z > 0.
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More general functionals Convergence in probability

Theorem
Suppose that u = {ut , t ∈ [0, T ]} is an stochastic process with finite
q-variation, where q < 1

1−H . Set

Zt =

∫ t

0
usdBH

s .

Then,

F (n)
g,h (Z )t

u.c.p−→
∫ t

0
h(Zs)cg(us)ds,

as n tends to infinity.
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More general functionals Convergence in probability

For any m ≥ n,∣∣∣∣F (m)
g,h (Z )t −

∫ t

0
h(Zs)EW (g(usW )) ds

∣∣∣∣
≤

∣∣∣∣∣∣
[mt]∑
j=1

∫ j
m

j−1
m

h(Z (m)
r )dr

(
g

(
mH
∫ j

m

j−1
m

usdBH
s

)
− g

(
mHu j−1

m
∆BH

j
m

))∣∣∣∣∣∣
+

∣∣∣∣∣∣
[mt]∑
j=1

(∫ j
m

j−1
m

h(Z (m)
r )dr

)
g
(

mHu j−1
m

∆BH
j
m

)
− 1

m

[nt]∑
i=1

∑
j∈I(i)

h(Z i−1
n

)g
(

mHu i−1
n

∆BH
j
m

)∣∣∣∣∣∣
+

∣∣∣∣∣∣ 1
m

[nt]∑
i=1

∑
j∈I(i)

h(Z i−1
n

)g
(

mHu i−1
n

∆BH
j
m

)
− 1

n

[nt]∑
i=1

h(Z i−1
n

)EW
(

g(u i−1
n

W )
)∣∣∣∣∣∣

+

∣∣∣∣∣∣1n
[nt]∑
i=1

h(Z i−1
n

)EW (g
(

u i−1
n

W
)
)−

∫ t

0
h(Zs)EW (g (usW ))ds

∣∣∣∣∣∣
= A(m)

t + B(n,m)
t + C(n,m)

t + D(n)
t ,

where for each i = 1, . . . , n, I(i) = {j : j
m ∈ ( i−1

n , i
n ]}.
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More general functionals Convergence in probability

For any fixed n,
∥∥C(n,m)

∥∥
∞ converges in probability to zero as m tends

to infinity, by the ergodic theorem on Banach spaces. In fact, fix n and
for any constant K define

Ym,K =
1
m

∑
j∈I(i)

g
(

mHK (BH
j
m
− BH

j−1
m

)

)
,

and
Zm,K =

1
m

∑
(i−1)m

n <j≤ im
n

g
(

K (BH
j − BH

j−1)
)

.

By the self-similarity of the fractional Brownian motion, and for any
constant M > 0 the family of random variables{

Ym,K , K ∈ [−M, M], m ≥ 1
}

has the same distribution as{
Zm,K , K ∈ [−M, M], m ≥ 1

}
.
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More general functionals Convergence in probability

Let C([−M, M], R) be the Banach space of continuous functions from
[−M, M] to R with the supremum norm. Then
{g
(
| · (BH

j − BH
j−1)|

)
, j ≥ 1}, is a stationary sequence with values in

C([−M, M], R). Then, by the ergodic theorem in Banach spaces and
the uniqueness of the L1 limit we have that

E

(
sup

K∈[−M,M]

∣∣∣∣Zm,K −
1
n

EW (g (KW ))

∣∣∣∣
)
→ 0

as m tends to infinity.
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More general functionals Convergence in probability

As a consequence we can write

P
(∣∣∣∣Ym,u i−1

n
− 1

n
EW

(
g(u i−1

n
W )
)∣∣∣∣ > δ

)
≤ P

(∣∣∣∣Ym,u i−1
n
− 1

n
EW

(
g(u i−1

n
W )
)∣∣∣∣ > δ, ‖u‖∞ ≤ M

)
+ P (‖u‖∞ > M) .

The second summand in the above expression converges to zero as M
tends to infinity. The first one is bounded by

P

(
sup

K∈[−M,M]

∣∣∣∣Ym,K −
1
n

EW (g(KW ))

∣∣∣∣ > δ

)

≤ 1
δ

E

(
sup

K∈[−M,M]

∣∣∣∣Zm,K −
1
n

EW (g (KW ))

∣∣∣∣
)

,

which converges to zero as m tends to infinity.
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More general functionals Convergence in probability

For the term A(m)
t we have to use the properties of the modulus of

continuity of the fractional Brownian, that imply the existence of a finite
random variable G1 such that if |t − s| ≤ 1

2 ,

|BH
t − BH

s | ≤ G1|t − s|H
√

log |t − s|−1.

Fernique’s theorem and the ergodic theorem.
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More general functionals Central limit theorems

Let σ2(z) = limn→∞ Var
(

1√
n

∑n
i=1 g(z(BH

i − BH
i−1))

)
. Assume that

H < 3/4 and that g is an even function.
Then

Theorem

(BH
t ,

√
n(V (n)

g (zBH)t − cg(z)t)) L→ (BH
t , σ(z)Wt), (8)

as n tends to infinity, where W = {Wt , t ∈ [0, T ]} is a Brownian motion
independent of the process BH , and the convergence is in the space
D([0, T ])2 equipped with the Skorohod topology.
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More general functionals Central limit theorems

Theorem
Suppose that u = {ut , t ∈ [0, T ]} is a stochastic process measurable
with respect to BH , with Hölder continuous trajectories of order
a > 1

2α . Set Zt =
∫ t

0 usdBH
s , with 1/2 < H < 3/4. Assume the function

h is Lipschitz and verifies also condition H. Then(
BH

t ,
√

n(F (n)
g,h (Z )t −

∫ t

0
h(Zs)cg(us)ds)

)
L→
(

BH
t ,

∫ t

0
h(Zs)σ(us)dWs

)
,

as n tends to infinity, where W = {Wt , t ∈ [0, T ]} and the convergence
is in D([0, T ])2.
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