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Volatility Estimation from High Frequency Data

S&P 500 (March 18, 2013)
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Realized Variance
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o Realized Variance
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estimates integrated variance
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Realized Variance

o Barndorff-Nielsen & Shephard:

1 1
n1/2(Rv—/ o—ﬁdu)SMN(o,z/ otdu).
0 0

o Feasible CLT
T Jo % N0, 1).
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Properties of High-Frequency Data
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Dirty Facts about High-Frequency Data
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Prices
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Prices
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Prices
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Empirical Features of Noise

o Hansen & Lunde (JBES, 2006)
Noise is...

.. serially dependent

.. endogenous (especially mid-quotes)
.. small

. has changed over time
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Robust Estimators
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Noise-Robust Estimators

o Realized Kernel: Barndorff-Nielsen et.al.
o Univariate, iid noise. (EMA 2008)

3/4
n/4(RK — IV) 55 MN{0, 8w (/ g‘u‘du) }

o Multivariate, general noise. n'/> (JoE 2011)
o Subsampling RK. (JoE 2011)
o Realized Kernels in Practice. (EJ 2009)

@ Subsampling/Two-scale/Multiscale
o Pre-averaging.

o Many more....
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Long Run Variance

o CLTs for time-series data

% SO — 1) S N (0, Q).
i=1

o With uw=20. HF data Xip = X,/\/E

n n
1 2 . 2
1N X = Y %%, =RV
i=1 i=1

n n
Zk(T-ILH)%ZXiXi—j = Zk(T-IL,,)ZX'UnXi—J',n = RK
J i=1 j i=1
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Martingale Representation of Time Series

o Consider

t t
> Xe=) Yot pe+ U
s=1

s=1

Martingale, deterministic term, stationary “noise”.

Q = avar(— ZXS) = avar( Z Ys + M" + Un o,

LS E(v2)
s=1

12
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Towards the Main Result: Filtered Process

o General way to extract martingale from

t
X=X
s=1
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Towards the Main Result: Filtered Process

o General way to extract martingale from
t
X=X
s=1

o Martingale component is:

Yt. = lim E(Xt—‘,-h - /Lt+h|]:t)a
h—o0

where Ay = E(X;).
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Prices 1995 (tick size = 1/8 %)
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Prices 2013 (tick size = 1 cent)
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Markov Framework
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Markov Framework: Assumptions

o The d-dimensional process,

{ X1,

is ergodic and distributed as a
homogeneous Markov chain
of order k < oo,

with S < oo states.
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Markov Notation

@ Transition matrix:

Prs = Pr(Xes1 = x| Xe = xi).
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Markov Notation

@ Transition matrix:

Prs = Pr(Xes1 = x| Xe = xi).

o Stationary distribution, 7 € R®, solves

7P =
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Markov Notation

@ Transition matrix:

Prs = Pr(Xes1 = x| Xe = xi).

o Stationary distribution, 7 € R®, solves

7P =

o Fundamental matrix

Z=(-P+mt where 1= 7"
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Markov Notation

@ Transition matrix:

Prs = Pr(Xes1 = x| Xe = xi).

o Stationary distribution, 7 € R®, solves

7P =

o Fundamental matrix

Z=(-P+mt where 1= 7"

o A, =diag(my,...,7s).
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Hansen (EL 2015): Martingale Decomposition

o For Xp =3t | X
Xt. - Yt.+:ut+ Uta
where

o /i; is a linear deterministic trend,
o {Y?, F;} is a martingale — with F; = U({)(j.}
o U; is a bounded stationary process.

jgr)'
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Hansen (EL 2015): Martingale Decomposition

o Martingale increments are:
Yi =xZ'es, —X'Z'Ple,,_,,

where e; is the s-th unit vector, s; is state at time t.
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Hansen (EL 2015): Martingale Decomposition

o Martingale increments are:
Yi =xZ'es, —X'Z'Ple,,_,,

where e; is the s-th unit vector, s; is state at time t.

e So
Q =xZ'(As — P'AP)Zx
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Hansen (EL 2015): Martingale Decomposition

o Martingale increments are:
Yi =xZ'es, —X'Z'Ple,,_,,

where e; is the s-th unit vector, s; is state at time t.

e So
Q =xZ'(As — P'AP)Zx

@ Deterministic term
Mt = th.

“Noise” is
Up =X (I —Z) e
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Covariance Structure

o We have with, x = (x1,...,xs),

var(Ye) = X Z'(Ay — P'ArP)Zx
=Q
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Covariance Structure

o We have with, x = (x1,...,xs),

var(Ye) = X Z'(Ay — P'ArP)Zx
=Q

o Serial dependent noise

cov(Us, Upsj) =X (I — Z)Y N PUN(I = Z)x = X' Z' P' A PPV Zx,
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Covariance Structure

o We have with, x = (x1,...,xs),

var(Ye) = X Z'(Ay — P'ArP)Zx
=Q

o Serial dependent noise

cov(Us, Upsj) =X (I — Z)Y N PUN(I = Z)x = X' Z' P' A PPV Zx,

o Endogenous noise
cov(Ye, Urrj) = X' Z' (=N + P'AP)PITIZx,  for j >0,

(zero for j < 0).
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Inference about

o Estimate P and define

ﬁ = x’f’(/\ﬁ — I5’/\;FFA’)2X

o Hansen & Horel
wﬂQ—Q}iN@z@,

as n — 0o, where

09 0Dy
Q)Ukl Ze Vr vaPrsaPrva

r,s,v

with
o0

OPys

= "nice expression in closed form".
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QQ Plots: CLTs for (T=100)

nt/2 {Iog(’}2 — |og02} i) N(o, ;2 ), f= logg2—loga? A N(0,1)

4 =
7 V %262/‘74
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QQ Plots: CLT =)

M1 (P) = F ()] % N(O, } e =a).
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Markov Chain Applied to High-Frequency Data

o Asymptotic Scheme:

1 . .
ﬁé with & fixed.

X =

o Realized variance

o Markov Chain estimator

MC# = &' 2'(A: — P'A:P) Z€.
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Volatility of log-price?

o Typically we want to estimate volatility of log Y;.
o Prices are on a grid. Log-Prices are not.
o Turns out that MC7 is estimating

1
/ a2Y2du.
0

Hansen et. al. (EUI) Markov Chain Volatility Estimator X~Barndorff-Nielsen X~



Estimator from Filtered Log-Prices

o (univariate case)

n

MC*:Z

i=1

Xi+e(z-Nx |
log : :
Xi1+e, (Z—1)x

which is path dependent.
o Approximate estimator

MC#
% Z?:l Xi2 ’

empirically indistinguishable from MC*.

MC =
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Inhomogeneity?

o What if MC is inhomogeneous?
o E.g. first P! then P2, etc.

o Estimate homogeneous MC of order k, with kK > clogn
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Three Markov Estimators

o Full d x d matrix
MC = D~IMC# D71,

with D = diag (d1,...,d4) and (512 =n1 Z't’leﬁtj: 1,...,d.

o 1l-composite (polarization-based). Correlation by:

#1 1 # #
MCT = 3 (MG x, — MCL_x),

@ 2-composite: Piece together 2 x 2 estimators.
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Enforcing PSD (composite estimators)

o Projections. E.g.

mzin |X —Allp, subjectto X >0,

Ledoit & Wolf also impose diag(X) = diag(A).
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Enforcing PSD (composite estimators)

o Projections. E.g.

mzin |X —Allp, subjectto X >0,

Ledoit & Wolf also impose diag(X) = diag(A).

o Let wj; be the standard errors of A;;. Solve:

d 2
Z," — A," .
min (—J J) subject to ¥ > 0.
wij
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Simulation Study: Efficient Price

o Stochastic Volatility

log Yi: =log Yi:+ 0i+Vip, =12,

where
Vie=7Zit+V1—7?Wg,
o with
Z]_t 1
Z2t 0 1
Wi | NGO g g g )-
Way 00 p 1
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Simulation Study (cont)

@ Stochastic Volatility:

i = VA {exp (Bo + Pr7ie)},

it = exp(a)Tj 1 + 4/ %Zi,t

and A = 1 with N = 23,400.
@ 0, correlates with Z; ; (leverage effect if v # 0).

where
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Simulations: Observed Price

@ Rounding errors:
@ Noise + Rounding errors
Xt — 5[(Yt + Ut)/d],

with U; are iid and uniformly distributed.

@ Results: Estimator performs on par with other good robust estimator.
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A Typical Simulated Sample Path
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Empirical Analysis
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Empirical Analysis

o SPY (ETF tracking S&P 500)
o 13 commodities (futures):

o Crude Light (CL), Natural Gas (NG),
o Gold (GC), Silver (SV), Copper (HG),
o Live Cattle (LC), Lean Hogs (LH),
Coffee (KC), Sugar (SB), Cotton (CT),
Corn (CN), Soybeans (SY) and Wheat (WC).
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March 18, 2013

S&P 500 Crude Oil

155.5
93.8]
155.3 w‘i
93.4]
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March 18, 2013

Soybeans

13:00

10:00 11:00 12:00 13:00 14 10:00 11:00 12:00 14:00
136 1
4 1351 4

10:00 11:00 12:00 13:00 14 10:00 11:00 12:00 13:00 14:00

Hansen et. al. (EUI)

Markov Chain Volatility Estimator



RV5min. March 18, 2013

SPY CL NG GC SV HG LC LH KC SB CT CN SY WwC

-0.13 -0.00 0.12 0.77 316

0.19 -0.03 -0.25 -0.05 -0.09 -0.32 180

-0.00 -0.15 -0.03 -0.01 0.02 0.03 0.05 618

-0.08 -0.01 0.09 -0.20 -0.10 0.27 -0.09 -0.11 408

0.16 -0.07 -0.11 -0.20 -0.17 0.05 -0.07 -0.02 0.10 275

0.24 0.03 -0.09 0.04 0.04 0.07 -0.09 0.02 0.03 0.18 479

0.05 0.01 -0.12 -0.14 -0.14 -0.13 0.21 -0.07 0.24 -0.07 0.16 641

0.09 0.09 0.04 -0.09 -0.13 0.20 -0.02 -0.17 0.15 0.08 0.23 0.56 416
-0.10 0.05 0.06 -0.11 -0.05 0.02 025 -0.00 0.38 0.12 0.10 0.69 0.48 553
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RV10min. March 18, 2013

SPY CL NG GC SV HG LC LH KC SB CT CN Sy WwC

0.03 -043 021 78
20.20 -0.26 0.36 0.48 140

0.03 0.04 -0.25 -0.16 -0.16 -0.45 165

0.14 006 -0.21 -0.05 -0.06 0.31 0.12 418

-0.23 -0.03 0.21 -0.19 -0.07 0.33 -0.09 -0.22 447

-0.04 -0.10 -0.11 -0.02 -0.07 0.13 0.01 0.13 0.19 242

0.19 021 0.09 -0.14 -0.13 -0.09 0.31 007 -0.13 0.42 503

-0.02 -0.02 -0.06 -0.17 -0.13 -0.17 0.45 -0.21 0.19 -0.06 0.09 700

-0.14 0.05 0.13 -0.10 -0.03 0.13 0.24 -0.15 0.22 -0.03 0.15 0.71 464
-0.14 0.03 0.07 -0.13 -0.07 0.10 0.39 0.01 0.45 024 022 0.70 0.72 861
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MC1. March 18, 2013

SPY CL NG GC SV HG LC LH KC SB CT CN SY WC
117

0.35 392

-0.11 -0.04 922

-0.09 0.07 -0.01 117

0.02 016 -0.02 0.72 380

0.35 0.27 0.05 0.04 0.08 365

0.02 0.05 -0.07 -0.04 0.13 -0.04 142

-0.02 -0.06 0.01 003 006 -0.05 0.14 607

0.09 0.10 0.05 -0.08 -0.00 -0.01 0.02 0.01 422

-0.03 0.01 -0.02 0.05 -0.01 -0.10 0.04 -0.01 0.03 345

0.01 0.02 -0.09 -0.14 0.19 0.03 -0.01 -0.04 0.19 -0.09 545

-0.02 0.03 0.08 0.12 -0.00 -0.01 0.05 -0.00 -0.00 0.01 0.26 476

0.01 001 -0.01 003 0.01 -0.06 -0.08 0.01 0.10 -0.02 0.15 0.49 365
0.01 0.01 -0.00 0.09 -0.05 -0.02 0.11 -0.04 -0.10 0.09 0.16 0.63 0.34 408
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MC2. March 18, 2013

SPY CL NG GC SV HG LC LH KC SB CT CN SY WC

0.06 0.07 0.12 -0.12 -0.15 0.06 -0.08 0.14 422

0.01 -0.02 -0.10 -0.02 0.07 0.00 0.02 0.02 0.06 345

0.17 0.19 -0.08 -0.15 -0.13 0.18 -0.05 0.74 0.01 0.22 545

-0.04 -0.06 0.05 0.00 -0.09 -0.02 0.04 -0.05 -0.03 0.03 0.16 476

0.05 006 -0.02 002 -0.00 -0.09 -0.09 0.04 0.14 -0.08 0.04 0.57 365
0.00 -0.01 -0.04 -0.01 -0.10 -0.04 0.13 0.07 -0.10 0.08 0.14 0.73 0.42 408
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2013: RV10min & Markov

‘ -- =10min FiVoI—Mé estimator
0.31 | 4
1
o i
o i
o ;
a 1
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04f = - - 10min RVol— MC estimator]|
(@)
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e
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p
O
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2013: RV10min & Markov

-- =10min FiVoI—Mé estimator
=)
o
O
0 L . N I il A L
Jan Mar Apr Jun Aug Sep Nov
0.8 . — —
= = =10min RVol =——MC estimator
+
(3]
Q
S
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2013: Correlations: RC10min & Markov

v 10min RCor = = = 1—composite MC === 2-composite MC

S&P 500 vs Crude Oil

Jan Mar Aprr Jun Aug Sep Nov

S&P 500 vs Gold

v 10min RCor = = = 1—composite MC === 2—composite MC|

-
Jan Mar Apr Jun Aug Sep Nov
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2013: Correlations: RC10min & Markov

A
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o Markov Chain methods for Estimating Multivariate Volatility from
High-Frequency Data

Three estimators: Full and two composite

Projection of covariance matrix (using standard errors)
Simulations: On par with Realized Kernel

Empirical

o Piece of larger project

Martingale Decomposition v/

Inference about Long-Run Variance (V')

Volatility estimation from high frequency data (with Horel) (v')
Multivariate volatility (with Horel, Lunde, Archakov) v/
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