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St. Petersburg paradox

Nicolaus Bernoulli (1713): Paul’s gain X, then

P{X:2"}:%, k=1,2,...

What is the fair price?
Paradox:

E(X) = > k_4 2k§1R =2k 1=00
but P{X > 40} =275 =10.03125

‘there ought not be a sane man who would not happily sell his
chance for forty ducats’ — Nicolaus Bernoulli
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LLN
Xy, Xz, ... iid St. Petersburg rv's S, = >0 _; X
Theorem (Feller (1945))

Sn P
nlog, n

There are no strong laws!

Theorem (Adler (1990), Chow & Robbins (1961))

. S .
liminf —— =1 a.s, limsup ——— = oo a.s.
n—oo nlog, N n—soo Nlogon
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Doeblin—Gnedenko criterion:

0 for x < 2
P{X<x}=<¢ | '
X=<x} 1 —2-llog x| — 4 ——2{°i2X}, forx > 2,

2{log2 X} is not slowly varying ({-} fractional part) = there is no
limit theorem for S1-% for any choice of ap, ¢;.
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There is on subsequences!

Theorem (Martin-L6f (1985))

gin -nZ W, asn— oco.
W semistable rv. Moreover, convergence holds on
subsequences ng = |2k |, v € (1/2,1].
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There is on subsequences!
Theorem (Martin-L6f (1985))

Son D
22,7 -n— W, asn— co.

W semistable rv. Moreover, convergence holds on
subsequences ng = |2k |, v € (1/2,1].

Theorem (Cs6rgd & Dodunekova (1991))
% — log, nk converges in distribution if and only if
k

Nk

T = Slogy ny]

— vy e (1/2,1].
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Merging

Theorem (Cso6rgd (2002))

sup

—0, asn—
XeR

P {% —log, n < x} -Gy, (x)
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The limit

Characteristic function of W, v € (1/2,1],

i, . x4 X
E (e ) =exp (1ta+/0 (e 1 T2 +x2) dRy(x)) )

with right-hand-side Lévy function

- N o{log,(1x)}
V) =~ Shgear = x X>0

(semistable laws)
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Trimmed LLN
Xi, Xo, ... iid St. Petersburg rv’s,
Sh=Xi+...+X, and X, = max X,
1<i<n
Theorem (Cs6rgd and Simons (1996))
. Sp=Xp
im =20 -1 as.
n—co nlog, N
o = = E == DA
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Merging again
For v € (1/2,1] (= Fréchet)
0, forx <0,
Hy(x) = ~ |logy(vx)]
exp (—2~%00)]) - for x > 0.
Theorem (Berkes, Csaki & Csorgd (1999))
X5 1
sup|P{— <x,—H,(x)|=0(n""), asn— .
XER n
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Merging again
For v € (1/2,1] (= Fréchet)

0, for x <0,
Fh(x) = ~[logz(7)]
exp (—2~%00)]) - for x > 0.

Theorem (Berkes, Csaki & Csorgd (1999))

sup
XeR

=0(n™"), asn— .

P ﬁgx —H, (x
{%<x - h,00

Typical value: X; ~ 2/10%"1+, j ¢ 7,

= & - =r El= DAC
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Theorem (Darling (1952), Breiman (1965))
Y, Y, Yo,...iid > 0.

maxj<, Yi »

nl——nl _> Z’
oy,

2= Yi

with Z nondegenerate, iff Y € D(a), o € (0,1); Z =1 iff
P{Y > y} is slowly varying, and Z = 0 iff V'Y € D(2).
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| Maximum |
Maximum and sum
Theorem (Darling (1952), Breiman (1965))
Y, Y1, Yo,...iid>0.
maxj<p Yi D
— — Z,
Y Yi
with Z nondegenerate, iff Y € D(a), « € (0,1); Z =1 iff
P{Y > y} is slowly varying, and Z = 0 iff V'Y € D(2).
St.Petersburg case:
X5 P
S, — 0.
o = = E == DA
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Joint with Gabor Fukker and Laszlé Gyorfi.
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: :

Forj € Z and v € [1/2, 1] introduce the notation

e —~2-i __n
pj,’Y =€ v (1 — e 2 ) y ’Yn - 2|’|ogzn‘|

Lemma

sup |P {XS = 2flo% 1+ } — P
jez

=0O(n™ ).
In particular forany j € 7., as n —

P {x;; _ pllog, nl+ } ~ g2 (1 e ) .

= &
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| Number of maximum terms |
Small maximum
Put Ny = [{k: 1<k <n X=X}
Proposition
Conditionally on X;; = 2%, where log, n — kp — oo
N, — E[N,|X;: = 2kn
n — ENGI X ]AN(OJ), asn— oo.
V/Var(N,| X = 2fn)
=} F = = == Da¢
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Typical maximum

Proposition (Gut & Martin-L6f (2016))
Conditionally on X;; = 2[109271+] j ¢ 7,

Ny 2, M;., (in the merging sense),

where M; ., ~ Poisson(2~/~) conditioned on not being zero.
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Proposition
While, if k, — log, n — oo then conditionally on X;; = 2%
P
N, — 1, as n— co.
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1 o o{logp x} K
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Conditional limit results

Notation

P{X=2|x<2K} =277/(1-27F)

1 o o{logp x} K
Fk(x) = P{X <x|X < 2k}: T2k [1 X }, x € [2,2K],
1, x > 2k,

XWX areiid Fy, and

SYY = XM 4 x{

o & == DA
: :
Tail probabilities of St. Petersburg sums TU Munich




St. Petersburg game Conditioning on the maximum Trimmed sums
00000000 000000 000000000
0000 00@000000 0000000000000

: :
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Conditioning on small maximum

Proposition
Given that X;; = 2k, k, > 2, such thatlog, n — kn — oo

— ko Kn
S~ ElSnlXn = 27 2, py,1).
\/Var(Sa|X; = 2n)
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Conditional limit results

Conditioning on typical maximum
Proposition

Sﬁ,,[logz Nk 1+)

—log, n
5 02 Nk

converges in distribution iff vy, — ~. The limit W, ,

pj(t) = EeWio = exp [itum + / (e”x —1- itx) dLm(x)},
0

with _;  olloga(v} 1
L (x) = v - ——, forx<2{7 ,
’ 0, for x > 2/~y~1,
o <« - =, Z= DA
| Tail probabilities of St. Petersburg sums |
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| Conditional limit results |
Conditioning on typical maximum
Proposition
Forj € Z we have
Sh * [log, N+ ~
P o log, n < x| X; =299 -Gj,(x)| =0,

where

e 2N )" o —1

Gj,(x) = Z Gi-1, <x my) e AR D

=} = = E == DA
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Corollary
Theorem (Gut & Martin-L6f (2016))
Forany~ € [1/2,1]

G, (x) = i G, (x)e 2"’ (1 —e‘72_j).

J—
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Conditional limit results
: :

Corollary

Theorem (Gut & Martin-L6f (2016))
Forany~ € [1/2,1]

G, (x) = i G, (x)e 2"’ (1 —e—vz*’).

J—

This is equivalent to the distributional representation
w, 2 w My, .2Y71
¥ Yy—1y My, n277y

where (W, ,)jez, (M;~)jez and Y., are independent,
Yy ~ (Bj~)jez, M, ~ Poisson(y27/) conditioned on not being 0.

= & = DAl
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Conditional limit results

Buchmann, Fan & Maller (2016) result

Lévy process setup: W, is a semistable Lévy process at time 1.

D _
Wy =Wy, 1+ MY’Ya’YzY’Y,’Y !

The value 2¥» /v corresponds to the maximum jump, My, . is
the number of the maximum jumps, and Wy_ 4, has the law of

the Lévy process conditioned on that the maximum jump is
strictly less than 2~ /.

o = Q>
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:
Conditional limit results

Buchmann, Fan & Maller (2016) result

Lévy process setup: W, is a semistable Lévy process at time 1.

D _
W’V = WY"{_1>’7 + MY’Ya’YZY’YPY 1’

The value 2¥» /v corresponds to the maximum jump, My, . is
the number of the maximum jumps, and Wy__4 , has the law of
the Lévy process conditioned on that the maximum jump is
strictly less than 2~ /.

This kind of distributional representations for general Lévy
processes were obtained by Buchmann, Fan & Maller (2016).
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| Conditional limit results
Conditioning on large maximum
Proposition
Assume that k, — log, n — co. Given that X = 2k
Sn Ay i1,
n
where k
NKp
An = %
=] = = == DA
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Conditional limit results
: :
Conditioning on the maximum
. . o . _ 7
Figure: The conditional histograms for log, S, n=2" . .
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Joint with Istvan Berkes and Laszl6 Gyorfi.
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Finite number of summands

: :
Subexponential distributions

Y, Yy, Ya,...iid >0, G. G(x) =1 — G(x).
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:
Finite number of summands

Subexponential distributions
Y, Yy, Ya,...iid >0, G. G(x) =1— G(x).
G is subexponential, G € S,
G+G(x) _,

lim — ,
X—00 G(X)

=] 5 = = == D9a
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Finite number of summands

Subexponential distributions
Y, Y1, Ys,...iid >0, G. G(x) =1— G(X).
G is subexponential, G € S,
lim Gi—G(X) =2,
X—00 G(X)

Characterizing property of S: forany n > 1

- P{Y+...+ Yp>x} »
x—oo P{max{Y; : i=1,2,....,n} >x}
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:
Finite number of summands

Subexponential distributions
Y, Y1, Ys,...iid >0, G. G(x) =1— G(x).
G is subexponential, G € S,

lim Gi—G(X) =2,
X—00 G(X)
Characterizing property of S: forany n > 1

- P{Y+...+ Yp>x} »
x—oo P{max{Y; : i=1,2,....,n} >x}

equivalently

. P{Yi+...+Ya>x}
lim =
X—00 P{Y; > x}

o = = = Iz 9a0
:
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:
Finite number of summands

O-subexponential distributions

Goldie (1978): St. Petersburg distribution F is not
subexponential.

=] 5 = = == D9a
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:
Finite number of summands

O-subexponential distributions

Goldie (1978): St. Petersburg distribution F is not
subexponential.

2= Iimiani—F(X) < IimsupFi—F(X) =4.
F(x) X

X—00 X—00

=] 5 = = == D9a
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:
Finite number of summands

O-subexponential distributions

Goldie (1978): St. Petersburg distribution F is not
subexponential.

2= Iimiani—F(X) < IimsupFi—F(X) =4.
X—00 F(X) X—00 F(X)

G is O-subexponential (Klippelberg, 1990), G € OS, if

(@) :=lim squi—G(X) < 0.
X—+00 G(X)

always liminf > 2; = 2 for heavy-tailed (Foss & Korshunov
2007)

o F
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:
Finite number of summands

Shimura and Watanabe (2005): G € OS, Ve > 0, 9¢ > 0,

G™(x) x n
WSC(K (G)—1+e)".

u]
]
ut
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Finite number of summands

Notation

X, Xq, Xo, ... iid St. Petersburg rv's

Xin < Xopn < ... < Xpp ordered sample of Xi, Xo, ..., Xj.
r-trimmed sum: S, = >/} Xin.
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Finite number of summands

Tail of the sums

Theorem
Asn,rfix, x — oo

o(r+1){log, x} n

X (1 +P {s,,_,_1 > x(1 —2-1g X})} Canis 1)) .

(=] = = == DA
:

:
Tail probabilities of St. Petersburg sums TU Munich
00




St. Petersburg game Conditioning on the maximum
00000000 000000
0000 000000000

Trimmed sums

000000800
0000000000000

:
Finite number of summands

Tail of the sums

Theorem
Asn,rfix, x — oo

P{Snr>x}~ X+ r+1

X (1 +P {s,,_,_1 > x(1 — 2~ {log X})} 2+ — 1)) .

2(’+1){|°92X}< n )

In particular, forany 0 < § < 1,

r+1
lim P{Sn7,>x}x— ( n )

x—00,{logy X}>§ o(r+1){log, x} - r+1

=] 5 = = == D9a

:
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St. Petersburg game

Conditioning on the maximum

Trimmed sums

00000000 000000 000000080
0000 000000000 0000000000000
:
Finite number of summands
:
x
o
B 7 7 = 7 E =

Figure: The function x - P{S;s > x} in a logarithmic scale.

[m]

=

== 9a¢
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St. Petersburg game Conditioning on the maximum Trimmed sums
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0000

00000000e
000000000 0000000000000
I

:
Finite number of summands

Almost subexponential
Untrimmed case:

{log, x}
P{Sh > x} ~ 2Tzn (1 +P {Sn_1 > x(1 — 2_{'°92X})}>

from which

n=IliminfxP {S, > x} < limsupxP{S, > x} =2n.
X—00 X—00

(=] = == DA
:
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St. Petersburg game Conditioning on the maximum Trimmed sums
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00000000e
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:
Finite number of summands

Almost subexponential
Untrimmed case:

o{log, x} 3
P{Sh>x} ~ ———n (1 + P{Sn_1 > x(1-2 {'°92X})}>

from which
n=IliminfxP{S, > x} <limsupxP{S, > x} = 2n.
X—00 X—00

Since xP{X > x} = 210%:x}  x > 2 we have

im P{Si>x) _
x—00,{log, x}>8 P{X > X} a

(=] = == DA
:

:
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St. Petersburg game Conditioning on the maximum Trimmed sums
00000000 000000 000000000
0000 000000000 9000000000000
: :
Properties of the r-trimmed limit
: :
Outline
Trimmed sums
Properties of the r-trimmed limit
o> - = Z= Dar
:
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St. Petersburg game Conditioning on the maximum
00000000 000000
0000 000000000

Trimmed sums
000000000
0®00000000000

:
Properties of the r-trimmed limit

Ec k=1,2,.. . iidExp(1), Zc = E4 + ... + Ex
Theorem
Let ng = |v2¥|, for some v € (1/2,1]. Then forany r > 0

1 oo
n—kSnk,r—ag,l)77 i} Yr,’y = Z 7_1 (2_|-|092 Ze/v] _ 2_“092 k/'YJ) ,
k=r+1

with centering sequence

) = Sy e

= & - =r El= DAC
:
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St. Petersburg game Conditioning on the maximum Trimmed sums
00000000 000000 000000000
0000 000000000 0080000000000

: :
Properties of the r-trimmed limit

: :

Quantile method & LePage, Woodroofe, Zinn idea.

u]
]
ut

== DA

:
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St. Petersburg game Conditioning on the maximum Trimmed sums
00000000 000000 000000000
0000 000000000 0080000000000

: :
Properties of the r-trimmed limit

: :

Proof (sketch)

Quantile method & LePage, Woodroofe, Zinn idea.

Quantile representation: (Xip, ..., Xnn) 2 (Q(Uin), -, Q(Unn)),
where F~1(s) = Q(s) = inf{x : s < F(x)}

== D9a

:
Tail probabilities of St. Petersburg sums
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St. Petersburg game Conditioning on the maximum Trimmed sums
00000000 000000 000000000
0000 000000000 0000000000000

: :
Properties of the r-trimmed limit

: :

Proof (sketch)

Quantile method & LePage, Woodroofe, Zinn idea.

Quantile representation: (Xip, ..., Xnn) 2 (Q(Uin), -, Q(Unn)),
where F~1(s) = Q(s) = inf{x : s < F(x)}

2,

s=0,
pl-logo(1=s)] — 20920-9 g (g 1),

Q(s) =

== Da¢
;

:
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St. Petersburg game Conditioning on the maximum Trimmed sums
00000000 000000 000000000
0000 000000000 0000000000000

: :
Properties of the r-trimmed limit

: :

Quantile method & LePage, Woodroofe, Zinn idea.
Quantile representation: (Xip, ..., Xnn) 2 (Q(U1p), .
where F~1(s) = Q(s) = inf{x : s < F(x)}

Q(s) = {2, s=0,

o[—logy(1-5)] — W, € (0, 1)-

Q(Unn)),

(E)jen iid Exp(1), Zy = Ey + ... + Ej. For nfix

(U1na U2n7-~-aUnn) 2 ( Z1 22 Zn )7

, ey
Zn+1 Zn+1 Zn+1

where U’s are ordered sample of niid Uniform(0, 1).
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St. Petersburg game Conditioning on the maximum Trimmed sums
00000000 000000 000000000
0000 000000000 000®000000000

: :
Properties of the r-trimmed limit

: :

W(x) = 2109} (grows linearly from 1 to 2 in each [2/,2/17)).
Q(1—s)=V(s)/s

o = ==
Tail probabilities of St. Petersburg sums
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St. Petersburg game Conditioning on the maximum Trimmed sums
00000000 000000 000000000
0000 000000000 000®000000000

: :
Properties of the r-trimmed limit

: :

W(x) = 219X} (grows linearly from 1 to 2 in each [2/, 2/*7)).
Q(1—s)=V(s)/s

Z Z
Kins -y Xon) 2 (Z20(Zy /20 4), - Z2E( 20/ Z011)
Z1 Zn

== Da¢
;

:
Tail probabilities of St. Petersburg sums

TU Munich
00




St. Petersburg game Conditioning on the maximum Trimmed sums
00000000 000000 000000000
0000 000000000 000®000000000

: :
Properties of the r-trimmed limit

: :

V(x) = 2{logz X} (grows linearly from 1 to 2 in each [2/'72j+1))_
Q1 —s)=V(s)/s

Z Z
(Xin, - - Xon) 2 ( SN2 2y G2 Zn ))

SLLN Z,,1/n— 1 as.

. n Z
X, = Z\U (Fj) (14+0(1)) as.

== D9a

:
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St. Petersburg game Conditioning on the maximum Trimmed sums
00000000 000000
0000

000000000
000000000 0O00@000000000
I

:
Properties of the r-trimmed limit

Proof

V(x) = 2{logz X} (grows linearly from 1 to 2 in each [2/'72j+1))_
Q1 —s)=V(s)/s

Z Z
(xm,...,xm)g( 7 V(& Z). G (zn/z,m))

SLLN Z,,1/n— 1 as.
X = ?\U (i) (1+0(1)) as.
V(Zi/n) = V(Z/vn)

= &
: :
Tail probabilities of St. Petersburg sums




St. Petersburg game Conditioning on the maximum Trimmed sums
00000000 000000 000000000
0000 000000000 0000800000000

: :
Properties of the r-trimmed limit

:

LePage, Woodroofe & Zinn (1981)

Y, Yy, Yo,...iid, >0, Y € D(a), S, partial sum,
(Sn — nbn)/an — S Y|7n Z Y2,n Z o e 2 Yn’n

=} = =
Tail probabilities of St. Petersburg sums
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St. Petersburg game Conditioning on the maximum
00000000 000000
0000 000000000

Trimmed sums
000000000
0000800000000

:
Properties of the r-trimmed limit

LePage, Woodroofe & Zinn (1981)

Y, Yy, Yo,...iid, >0, Y € D(a), S, partial sum,
(Sn — nbn)/an — S Y1,n Z Y2,n Z o e 2 Yn’n

S= i (z —EZ M0z < 1))
k=1

where Eq, Eo, ... areiid Exp(1), Zx = E; + ... + Ex. Moreover,

Sn— nby Y1,n Yn.n D —1/a »—1/a
( o ,(an,...,an)>—>(s,(z1 .Z; ))

u]
]

I

ut
it
i
N
»
2
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St. Petersburg game Conditioning on the maximum Trimmed sums
00000000 000000 000000000
0000 000000000 0000080000000

: :
Properties of the r-trimmed limit

On the centering
Forany v € (1/2,1], nx = |2,

ke
ahy), —10gy Nk — 2 — Z £ —logyy = £(7),

where v = Y2 ex27K.

=} = = == DA
: :
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St. Petersburg game Conditioning on the maximum
00000000 000000
0000 000000000

Trimmed sums
000000000
00000@0000000

:
Properties of the r-trimmed limit

On the centering

Forany v € (1/2,1], n = |72/,

0 1 X ke
agk),'y —logy Nk — 2 — ; Z 2—kk —logy v = &(7),
k=1

where v = 372, ex27K.
Steinhaus’ resolution of the St. Petersburg paradox (Csérgd &
Simons 1993)

= & - =r El= DAC
:
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St. Petersburg game Conditioning on the maximum Trimmed sums
00000000 000000 000000000
0000 000000000 0O0000@0000000

:
Properties of the r-trimmed limit

On the centering

Forany v € (1/2,1], n = [v2K],

0 1 X ke
agk),’y —logy Nk — 2 — ; Z 2—: —logy v = &(7),
k=1

where v = "2, g2

Steinhaus’ resolution of the St. Petersburg paradox (Csérgd &
Simons 1993)

¢ is right-continuous, left-continuous except at dyadic rationals
greater than 1/2 and has unbounded variation (Csérgd &
Simons 1993); the Hausdorff and box-dimension of the graph of
¢is 1 (Kern & Wedrich 2014).

:
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St. Petersburg game Conditioning on the maximum Trimmed sums
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0000 000000000 0000008000000

: :
Properties of the r-trimmed limit

: :

[m] = - =
Tail probabilities of St. Petersburg sums

El= DA
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St. Petersburg game Conditioning on the maximum Trimmed sums
00000000 000000 000000000
0000 000000000

O000000@00000

:
Properties of the r-trimmed limit

Tail of the trimmed limit

r
A= A1 ZQLK/’YJ
k=1
Theorem

oo}
P{Yr,'y>X}Nw|:2 +(2 —1)

X Z(:)Z‘“’“)P { Yoo + Ary > X (1 . 25—{'092(”)}) } } .

== Dac

:
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St. Petersburg game Conditioning on the maximum Trimmed sums
00000000 000000 000000000
| 0000 000000000 0000000080000 |
Properties of the r-trimmed limit
: :
Untrimmed case
2{logz(vx)}
P{Yo, > X} ~ =——
1
—1 -4 _ ol—{log,(vx)}
x[2 +3°2 P{Yo,7>x(1 ot~{log, .
=0

u]
]
ut

== DA

:
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St. Petersburg game Conditioning on the maximum Trimmed sums
0600°°°° 566003000 5500000080000 |
Properties of the r-trimmed limit
Untrimmed case
2{loga (vx)}
P{Yo,>x}~ " —
X
1
<2t o2 P (v, > x (12 teetm) |,
=0
Exactly the tail of the Lévy measure appears
1
P{Yo, > X} 1 ¢
0y 2 AT o= 2P { Yo, > X (1 - 2f—{'°92(7X>})} .
—R,(x) - Z 01
(=0
=] F = == Da¢
Tail probabilities of St. Petersburg sums
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St. Petersburg game Conditioning on the maximum
00000000
0000

:

Trimmed sums
000000 000000000
000000000 0000000008000
:
Properties of the r-trimmed limit
: :

P{Yo, > x}

_RW(X) ~o- 14 Z%2‘€P { Y0,7 > X (1 _ 2@—{|ogz(7x)}>}

[m] = -
Tail probabilities of St. Petersburg sums

El= DA
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St. Petersburg game Conditioning on the maximum Trimmed sums
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: :
Properties of the r-trimmed limit

: :

P{Yo, >x} __ L -
R L LRl

(=0
_ _ .. P{Yo, > x}
1 1 _ 7
27 +27 P{Yo, >0} =liminf “R,()

, P{Yy~ > x}
<limsup —2— "= =1 4+P{Yy, >0
IX—)oLip —R»Y(X) + { 0,7 }

= &
Tail probabilities of St. Petersburg sums
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St. Petersburg game Conditioning on the maximum
00000000
0000

Trimmed sums
000000 000000000
| 000000000 0000000000800 |
Properties of the r-trimmed limit
: :
For any ¢ € (0,1/2) we have
lim P{Y,, > X} 1
r, Allon (oL .
x—00,0<{log,(yx)}<1-6 K 2{loga(vx)}
o> - = Z= Dar
:
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St. Petersburg game Conditioning on the maximum Trimmed sums
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: :
Properties of the r-trimmed limit

: :

For any ¢ € (0,1/2) we have
X
li P{Y, — =1,
X—>oo,6<{|0I£2('yX)}<1—6 { e X}2{|092(’YX)}
In the untrimmed case (r = 0) for v =1

P{Yo1>2"+c}~2""[1+P{Yo1 >c}],

as m— oo,
(Martin-Lo6f 1985).

= &
Tail probabilities of St. Petersburg sums
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St. Petersburg game Conditioning on the maximum Trimmed sums
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:
Properties of the r-trimmed limit

Watanabe & Yamamuro (2012) result

For general semistable distributions:

lim 2"P{W; > x2"} = —Ry(x) + [Ar(x—) — R (x)]P{W; > 0}

C. — liminf AW > X} _ i gp PAW > X3

R - R

with
C.=1-(1-Q "YP{W <0}, C*=Q+(Q—1)P{W <0},
and Q = sup,¢ 2 R(x—)/R(x).

Tail probabilities of St. Petersburg sums TU Munich
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0000 000000000 0000000000008

: :
Properties of the r-trimmed limit

: :

‘the modern student will hardly understand the mysterious
discussions of this “paradox” — Feller

o = =
Tail probabilities of St. Petersburg sums
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: :
Properties of the r-trimmed limit

: :

‘the modern student will hardly understand the mysterious
discussions of this “paradox” — Feller

A natural example, which is not in the domain of attraction of

any stable law, but it is in the domain of geometric partial
attraction of a semistable law.

o = =
Tail probabilities of St. Petersburg sums
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: :
Properties of the r-trimmed limit

‘the modern student will hardly understand the mysterious
discussions of this “paradox” — Feller

A natural example, which is not in the domain of attraction of

any stable law, but it is in the domain of geometric partial
attraction of a semistable law.

Not subexponential, but tractable tail behavior.

o = - =
: :
Tail probabilities of St. Petersburg sums
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